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Asymptotic Behaviour of The Heat Equation as The Solution of The
Black-Scholes Model

A.O Akeju !

Abstract We carry out the reduction of the Black - Scholes equation via series of transformations to
obtain the heat equation by reversing the direction of time,so that the pay-off of the Black-Scholes become
the initial value condition of the heat equation.The solution of the obtained heat equation is generalized

as the solution of the Black-Scholes equation.Here we examine the 1-dimensional case and its extension

to the multi-dimensional case.

Keywords:Black-Scholes Equation,Heat Equation,Ito’s Formula.
Mathematics Subject Classification (2010) : 35K10,35K35,60H15

Introduction

The Black-Scholes equation has a pass-
ing similarity to the more common heat
equation.The solution to the Black -Scholes
equation subject to a general payoff func-
tion C(Sr,T) = f(Sr) at the expiry date
T for a general European payoff assuming
that the drift Volatility and interest rate
are both constant,can be obtained [1].By a
series of transformations,the Black-Scholes
equation can be reduced to the heat equa-
tion which implies that the derivative price
can be obtained by first solving the equation
with initial condition A(z,0) = f(x).Once
the Black -Scholes equation has been trans-
formed to the heat equation,then the solu-
tion of the heat equation becomes the so-
lution of the Black -Scholes equation .In
[7],the analytical solution of the fractional
Black-Scholes Equation is calculated using
the Laplace transform.[6] provide a solution
to the price of an Option on a dividend pay-
ing equity with the aid of general Fourier
transformation when the parameters in the
Black-Scholes PDE are time dependent.We
consider a case of multiple underlying as-
sets.
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The Model

We consider assets paying a known dividend
rate ¢; for each asset ¢ which possess a SDE
[4]

dSi(t) = (T—qi)Si(t)dH— zn: O'Z'J'Si(t)dVVj(t)

ij=1
(1)
Let V € C?*YR"X|0,T]) be a continu-
ous function with continuous partial deriva-
tives,then we obtain the Ito’s-formula
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If we form a portfolio II consisting of one
option V and A; of the underlying assets
S; by shorting the contingent claim (op-
tion) V and long A; unit of the underlying
assets S;,we obtain the Multi-dimensional
Black-Scholes formula for asset paying cer-
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tain known dividend.
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with terminal condition
V(Sl, Sn,T) = P(Sl, vy Sn), 0 < Sl < oo
We attempt to derive the heat equation
from the Black-Scholes by series of trans-
formation.
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Substitute these into the equation (3),we
have
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Re-arrange and simplify,we have

o 1 — 0%v
E + 5 z:l Ci?j 6:1718:1:]

= 1 ov
+ Z(T — ¢ — 50”)%

i=1

—rV =0 (5)

This expression is equivalent to

1
@—i— DTC’D V+0D,V —rV =0=

o (6)
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C is a positive definite matrix.If there
exist orthonormal matrix B such that

M — — — 0
BCBT = D = >0
0o - — = X\
where
A1, — — — A\, are the eigenvalues of C with
corresponding eigenvector
&in
%
5 =
gin

If we use the change of variable 7 =B
that

D, = BTD, and DT =
tion (6)become

BDT then the equa-

1
9v —BDTCBTD V4+b'BT'D.V—rV =0

8t
(7)
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@+ DT(BCBT)D V+(Bb)"D,V—rV =0

ot

(8)
with V(Z, ———Z,r = P(Zy ———Z,),the
terminal condition,we have

W 1, 0V K o= v
§+ >\ A Z(g b)a—Z—rV—O
9)

=1

with terminal condition assumed to be the
Dirac delta function.
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Let V = exp(WTT + B(T — t))W
Differentiating V' with respect to t and
Z;,we obtain

ow w1 Pw

o TN (E gz 5 2 N7
1

—[r+p- §(WTDW) — b TBTE?]w =

(10)
If w; = —%(fT?) and
B=—r+iWIDW)+ b TTBTW
. . w
then we obtain an equation without 57
w1~ 0w
i— =0 11
ot T2z =
which is a Heat equation.
Solution of The Heat
Equation

Let W; be a standard Brownian motion.If
we consider a function f(x + w),such that
f e C*(R",[0,T]), by Ito’s formula

8f(.7} + Wy
ow, 2

182f($ + 'U)t)
ow?

dr

(12)
Here ,we assume x to be a parameter.If we
integrate with respect to 7, we have

df (x + wy) =

flx+w,) = /8
82f(x+ws)

where f(z4w,;) = f(x)att =0 = w, =0

If we differentiate f(z+w,) with respect to

xr ,we have

Of (x+ wde+182f(x + w,)
Ox?

df (z+w,) = e 5

(14)

dx

Comparing (12) and(14),we have

- T Of(x + w,)
flasw) =@+ [,
172 f(x + w,)

Taking expectation of both sides of (15),we
have

ds

E(f(z+w,) = f(x)+% /OT 0 E[fgi; w)]
Since E(dw,| = 0.
Let A(z,7) = E(f(z + w;),then

Alz,) = f(z) + %/0’6 g(zva;,f)ds (16)

Differentiate (16) with respect to 7, we ob-
tain

0A(x,7)  10°A(x,T)

or T2 0x?

which is also the Heat equation [5].If we
evaluate A(x,7) at 7 = 0,we have

A(z,0) = E[f(x + wo)
Elf(z)]
f(z)

Hence A(x,T) satisfied the initial condition

A(z,0) = f(x).

Result

Let 7 € [0,T),A € C2Y(R"[0,T)).If
A(z,T) satisfied the heat equation (PDE)

subject to the initial condition [2]
A(z,0) = f(x),then
Az, 1) = E[f(x + ow,)

/ flz+o0&)e” 2fd£

\/ 2rT
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Proof; Now, we could solve for the derivative price
Let V(s1, ..., Sn) subject to the terminal condi-
tion V(s1,...,8,,T) = F(s1,...,5,) where
Az, 7) = E[f(z + ow) : ) F(s1,...,8,) is a prescribed function that is

_ Tof(x +ow, the payoff function of the derivative.
_E[f($)+/0 dz g T -t =171, ift7 =0then T =1t for
1 [TO*f(x+ ng)d the terminal payoff function of the deriva-
5/0 T 92 5] tive to be an initial condition for A(z,t).If
1, [TOE[f(x +ow,)] , Ve follow through the various transforma-
= f(z) + 50 / 72 ds tion,we observe that the relationship be-
0 o tween V' (s, —— —, 8, 1) and A(zy..., 2y, T)

0A(x,7) 1 ,0°A(x,T) is
at 27 ou2
Next,we show that A(z,7) = E[f(z+ ow,)] Vs, 8n,T) = sy, .., 80, 7)
satisfies the heat equation as follows = B(S1y ey SnyT)E T
A7) = E[f(z + ow,)] =v(In((s1,..., ), 7))

= A(ln(sy, ..., $n)

_ ot of)e de »
Varr ) +(T‘%Z_:Ci,j>ﬂf)e‘”

Let 4+ o0& =n ,df = %W,then

(=22
Az, 7) = n ) dno In particular,the derivative payoft function
% 27T T 27 can be written as
/ f _(m==2)? dT]
2702
\/ 2T o
F(s1y.y80) =V (s1, .00, 80, T)
DA f ee)? I)z = A(In(s1,..,8,),0), 7=0,T =1t
_ = 2702
or 271'7'%
x)26_(g*71g2@ Hence ,the initial condition on A(z;,7) at
\/27”— 2702 o 7=0Iis,
x) _<nfz%2 dn A(zq, ..., 2,0) = F(e*), i=1,2...n
\/ﬁ f 2r are o For example,in the case of a call option on
multiple assets,we have
A(x;,0) = max(e” — k,0) ¢ =1...n as the
2 . )2 9 )
% - _/ n Tle*ﬁd_n payoff.
Ow V2T g For heat equation with initial conditions,
fpy =2 e dn A, 0) = F(e™)
\/27T7— o2 o
0A 0?A
Comparing o and — 5.2 e observe that  A(z;,0) \/—/ e + U\/_f) 252
0A L ,0A Hn F(e" + o/if)e—
R — R =1
or 27 022 V2 252
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Using the value of A(x;),we can write the
derivative price as

V(s1y 8, T) = A((In(si, ., Sn)+

1 - —rT
r—3 ]Zl Cij)T,T)e

1 oo
=11, —— Fle(In(s;, ., sp
i [ Fletm

1 n
+(T—§;C’”)T

+ aﬂg)]e;—;d@

efr”r o8}
=1, — F(S;e"™tovTe
=1 /_271' /OO (
1 & ~1
j=1

At t = 0,we obtain the initial price of the
derivatives
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F(S;(T)) is the payoff function of the
derivative with respect to each underlying
asset.

Conclusion

the price of Call option and Put option
at time ¢ = 0 can be determined with our
solution.For a call option that delivers St
at time 7' ,that is F'(S7) = Sr for instance,
Co = e "TE[F(Sr)] , with St define earlier
Cy = GirTE[ST]

Co =95

which is what we expect.
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